Abstract. Using an idelic argument and assuming the Gersten conjecture for Milnor Ktheory, we show that the restriction map from the Chow group of one-cycles on a smooth projective scheme over a henselian local ring to a pro-system of thickened zero-cycles is surjective. We relate this restriction map to the p-adic cycle class map.
Introduction
Let A be an excellent henselian discrete valuation ring with uniformising parameter π and residue field k. Let X be a smooth projective scheme over Spec(A) of relative dimension d. Let X n := X × A A/(π n ), i.e. X 1 is the special fiber and the X n are the respective thickenings of X 1 .
For n invertible in k and Λ = Z/nZ the following commutative diagram has been studied extensively: j > 0, we additionally assume the Gersten conjecture for the sheaf CH r (−q) associated to the presheaf U → CH r (U, −q) for the isomorphism on the left (see [27] ). This holds with finite coefficients or again if X is equi-characteristic (see e.g. [27] ). For our applications we will need the following additional result which is well-known to the expert and easily follows from what is known about the Gersten conjecture for Quillen K-theory with finite coefficients (see Section 3): Proposition 1.1. Let ch(k) = p > (n − 1). Then the Gersten conjecture holds for the sheaf K M n,X /p r for all r ≥ 1.
The main theorem of this article is the following: Theorem 1.2. The restriction map res :
is surjective. In particular the map of pro-systems
) is an epimorphism in the category of pro-abelian groups pro-Ab for all j ≥ 0. Here we consider H d (X, K M d+j,X ) as a constant pro-system. Theorem 1.2 is a partial response to a conjecture by Kerz, Esnault and Wittenberg saying that assuming the Gersten conjecture for the Milnor K-sheaf K M n,X the restriction map res :
is an isomorphism if ch(Quot(A)) = 0 and if k is perfect of characteristic p > 0 (see [25, Sec. 10] ).
Let again ch(Quot(A)) = 0 and k be perfect of characteristic p > 0. In the final section of this article we relate the restriction map res to the p-adic cycle class map ̺ d+j,j p r : CH d+j (X, j)/p r → H 2d+j ét (X, T r (j)). The T r (n) are the complexes defined in [35] and called p-adic étale Tate twists. T r (n) is an object in the derived category D b (X, Z/p r Z) of bounded complexes of étale Z/p r Z-sheaves on X. T r (n) is expected to agree with
where Z(n) ét denotes the conjectural étale motivic complex of BeilinsonLichtenbaum (see [33, Sec. 1.3] ). If p > n+1, then i * T r (n) ∼ = S r (n), where i is the inclusion X 1 → X and S r (n) is the syntomic complex defined in [19] (see [35, Sec. 1.4] ). In [33] , Saito and Sato show the following result on the p-adic cycle class map: Theorem 1.3. ([33, Thm. 1.3.1]) Let X be a regular scheme which is proper flat of finite type over the ring of integers A of a p-adic local field K. Assume that X has good or semistable reduction over A and let d be the fiber dimension of X over A. Then the cycle class map ̺ d,0
We will show the following proposition: Proposition 1.4. Let W (k) be the Witt ring of a finite field k of characteristic p and p > d. Let X be smooth and projective over W (k). Then for all j ≥ d the map
is an isomorphism of pro-abelian groups. Here we consider H d+j et (X 1 , S r (j)) as a constant pro-system.
In sum we establish, making use of the above result on the Gersten conjecture, the following commutative diagram analogous to diagram (1.1) for X smooth over A = W (k) for a finite field k of characteristic p, j ≥ 0 and p > d + j + 1:
Notation. Unless otherwise specified, all cohomology groups are taken over the Zariski topology.
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Parshin chains
Let X be an excellent scheme.
A Parshin chain (resp. Q-chain) on (X, X) is a Parshin chain in the sense of (2) (resp. Q-chain in the sense of (3)). (5) We say that a Parshin chain P = (p 0 , ..., p s ) on X is supported on a closed sub-
Definition 2.2. Let P = (p 0 , ..., p s ) be a chain on X.
(1) We define O X,P = O X,ps and k(P ) = k(p s ). 
Let k h (P ) denote the finite product of residue fields of O h X,P .
We note that T in Definition 2.2(2) is finite by [13, Thm. 18.6.9 (ii)] since X is excellent and therefore in particular noetherian. For a Parshin chain P on X we denote SpecO X,P by X P and SpecO We will need the following facts (see e.g. [14, Ch. IV.]): Let X be a locally noetherian scheme, F be a sheaf of abelian groups on X and τ ∈ {Zar,Nis}. Then there are coniveau spectral sequences
and isomorphisms
for every x ∈ X and q ≥ 0. From the coniveau spectral sequence we get complexes
(X τ , F ) arising this way by ∂ yx . We explain this notation as follows:
, and if the Gesten conjecture holds for K M n,X (see Section 3.2), then the diagram
commutes, where the lower horizontal map is the tame symbol defined by passing to the normalisation and using the norm map for Milnor K-theory (see f.e. [10, 8.
1.1]).
Finally recall that the cohomological dimension of X Zar and X Nis is at most equal to dim(X).
The Gersten conjecture for Milnor K-theory mod p
Let X be an excellent scheme and let K M n,X be the improved Milnor K-sheaf defined in [23] . 
This conjecture is known to hold for K M n,X if all local rings of X are regular and equicharacteristic (see [22] and [23, Prop. 10 (8)]). If X is smooth over a henselian local discrete valuation ring of mixed characteristic (0, p), then the Gersten conjecture is not known to hold for the sheaf K M n,X . However, if p > n − 1, then we have the following much weaker result which we will use in Section 6. Proposition 3.2. Let A be a discrete valuation ring with uniformising parameter π and residue field k of characteristic p > 0. Let B be a local ring, essentially smooth over A with field of fractions F and let p > (n − 1). Then the sequence
is exact for all r ≥ 1.
Proof. First note that the Gersten conjecture for Quillen K-theory with finite coefficients holds for B by [9, Thm. 8.2]. We consider the following commutative diagram: 
. Then (n − 1)!α ∈ im(i n ) since the square on the upper right commutes (see [36, p. 449f.] ) and the middle row is exact at K Q n (F, Z/p r ). Again since (p, (n − 1)!) = 1 it follows that α ∈ im(i n ). Exactness at the other places follows for example from [8, Cor. 4.3] . We will repeatedly use the following purity statement which follows from the Gersten conjecture:
Lemma 3.4. Let D be an effective Cartier divisor on X. Let i : D → X be the inclusion and U := X \ suppD. Let x ∈ X be a point which is not be contained in D and assume the Gersten conjecture for the sheaf K 
Some topology on Milnor K-groups
In this section we define a topology on Milnor K-groups and state two lemmas which we will need in the proof of our main theorem.
Recall that the naive Milnor K-sheaf K M,naive n is defined to be the sheafification of the functor R → (R × ) ⊗n / < a 1 ⊗ ... ⊗ a n |a i + a j = 1 for some i = j > from the category of commutative rings to abelian groups and that there is a natural homomorphism of sheaves K
to the improved Milnor K-sheaf which is surjective (see [23] ). In particular there is the following commutative diagram for a commutative local ring R, an ideal I ⊂ R and K = Frac(R):
This implies that that when defining a topology on K M n (K) as in the following Definition 4.1(4) we may work with both K M,naive n or K M n . We will use the improved Milnor K-sheaf and at some points implicitly use its generation by symbols. (1) For a commutative ring R and an ideal I ⊂ R we define K Proof. Since R is excellent, the normalisation is finite and there is some f ∈ J R \ {0} such that fR ⊂ R. Therefore for every i ≥ 1 
In particular the kernel of ∂ yx is open with respect to the topology defined in Definition 4.1(4) and the Parshin chain (x, y).
Proof.
We proceed by induction on t. The case t = 0 is clear since in that case Y = X and H
(0) and J corresponding to D.
If t ≥ 1, then we take some point z ∈ X t−1 such that y lies in the regular locus of {z}. Consider the complex
coming from the coniveau spectral sequence in Section 2. Applying the induction assumption to H
Zx ∩ D, we see that it suffices to show that the map
annihilates the image of . Let q be the prime ideal corresponding to y. Let π ∈ A such that v q (π) = 1. Let {p 1+r , ..., p t } be the finite set of prime ideals inÃ such that v p i (π) > 0, 1 + r ≤ i ≤ t. By a standard approximation lemma (see e.g. [26, Lem. 9.1.9(b)]) we can choose an element π i for all i with r + 1 ≤ i ≤ t satisfying v p i (π i ) = 1 and v q (π i ) = 0. Now we can choose a non-zero ideal , a 1 , . .., a n−t } ∈ K M n−t+1 (k(z)) liftingā 1 via the surjection in (4.2) to a 1 and lifting the otherā i arbitrarily. Then β satisfies the required properties since (1) ∂ zy (β) = α.
Remark 4.6. In [21, Prop. 2.7] the above lemma was proved in the Nisnevich topology. The proof in the Zariski topology follows the argument in loc. cit. We recall the proof for the convenience of the reader and to convince them of this claim. In [24, Lem. 6.2] the last step of the proof is given under the assumption that A is a two-dimensional excellent henselian local ring.
Lemma 4.7. Given a family of inequivalent discrete valuations v 1 , ..., v s on a valued field
has dense image, were we write F v i instead of F in order to indicate which valuation defines the topology on F .
Proof. This follows from standard approximation theorems for F . See e.g. [30, II.3.4].
Main theorem
In this section we prove Theorem 1.2. We return to the situation of the introduction. Let A be an excellent henselian discrete valuation ring with uniformising parameter π and residue field k and let X be a smooth projective scheme over Spec(A) of relative dimension d. Let X n := X × A A/(π n ), i.e. X 1 is the special fiber and the X n are the respective thickenings of X 1 .
Proposition 5.1. For all j ≥ 0 the group
Proof. By the coniveau spectral sequence and cohomological vanishing we have to show that the map
is surjective. In order to show this, we show that the map
is surjective for any x ∈ X (d+1) . This suffices since (SpecO X,x [
d restricts to just one closed point x ∈ X (d+1) . Let us start with the case d = 0: Let X
,X|Xn ) and again it follows from the coniveau spectral sequence and cohomological vanishing that
By Lemma 3.4 we have that
d to the horizontal components, i.e. with y ∈ (X x [
We write P r for a Parshin chain (x, ...) of dimension r and let x Pr denote the closed point of X Pr and X
′
Pr the open subscheme X Pr \ {x Pr }. We proceed by descending in induction in r ≥ 0, starting with r = d, to show that the map
is surjective for all Parshin chains P r supported on X 1 .
The group
) which implies the induction beginning.
We now do the induction step.
is surjective. This follows again from the coniveau spectral sequence and the isomorphism H
. By assumption we have that coker(
is generated by K M r+j+1 (k(P )) for all Parshin chains P = (P r , y, z) of dimension r + 2 on (X, X 1 ). We may assume that α is in the image of K M r+j+1 (k(P )) for some such P . Then by Lemma 4.5 the kernel of the map
) and the kernel of the map We now start the proof of Proposition 1.4 proving the following lemmas:
Lemma 6.6. Let j < p. Then the map
Nis (X 1 , S r (j)) is an isomorphism in the category of pro-abelian groups.
